Let (H, R) be a co-Frobenius quasitriangular Hopf algebra with antipode S. Denote the set of group-like elements in H by G (H). In this paper, we find a necessary and sufficient condition for (H, R) to have a ribbon element. The condition gives a connection with the order of G (H) and the order of S 2 .
Introduction

A Hopf algebra H is called co-Frobenius if
; in particular every finite dimensional Hopf algebra is co-Frobenius. Among the properties of finite dimensional Hopf algebras that hold for all co-Frobenius Hopf algebras are the bijectivity of the antipode, a bijective correspondence between the group-like elements of the Hopf algebra and the one dimensional ideals of the dual algebra, the existence of a distinguished group-like element, and a reasonable theory of Galois extensions.
The class of infinite dimensional co-Frobenius Hopf algebras includes cosemisimple Hopf algebras, such as the group algebra of an infinite group. Tensoring such a Hopf algebra H with a finite dimensional Hopf algebra K, yields an infinite dimensional Hopf algebra with non-zero integral obtained by tensoring the integrals of H and K. As well, a recent example of Van Daele [3] gives an infinite dimensional co-Frobenius Hopf algebra without normal Hopf subalgebra.
The topological motivation for this paper is supported by the fact that ribbon Hopf algebras (Hopf algebra with a distinguished ribbon element) can be used to construct invariants of framed links embedded in three dimensional space [4] . And the same structure can be used to produce invariant of three dimensional manifolds. These three dimensional manifolds are represented by surgery on framed links, and their invariants are special cases of invariants for the links. In the case of quantum group SLq(2), these invariants have been intensively investigated by Reshetukhin and Turaev [5] , Kirby [6] , and others.
In this paper, we give a necessary and sufficient condition for the co-Frobenius quasitriangular Hopf algebra to have a ribbon element. Based on the ideals and results of Beattie, Bulacu and others [7] [8] [9] , we generalize the results of Kauffman and Radford [10] to co-Frobenius quasitriangular Hopf algebras. We find the group-like elements  and g which play a special role in the theory of ribbon Hopf algebras. Our main result is Theorem 5, which states that a co-Frobenius quasitriangular Hopf algebra ( , ) H R ( ( ) G H has odd order) has a ribbon element if and only if, 2 S has odd order. Throughout this paper, H will denote a co-Frobenius Hopf algebra over a field k. All maps are assumed to be k-linear. We use the Sweedler-type notation for the comultiplication maps  (h) = 1 2 h h  for all h  H. As usual, the H * -bimodule structure on H and the H-bimodule structure on H * are given by 
Let  denote the generalized Frobenius automorphism of H defined in [7] , that is, for 
Recall that, for a Hopf algebra H and 
By the result of Drinfeld [11] 
By [13] , we have
By [12] and [13] , we have (g,  denote the modular elements),
Since c is central, .3 1;
. 4 ,
Drinfeld observed that u satisfies the last condition. A quasi-ribbon element in the center of H is called a ribbon element, and in this case (H, R, v) is called a ribbon Hopf algebra [14] . The reader is referred to [14] for a detailed discussion of ribbon Hopf algebras and their relationship to links and three-manifolds.
Ribbon Hopf Algebra
Let (H, R) be a finite dimensional quasitriangular Hopf algebra. In [10] , the authors found a necessary and sufficient condition for the existence of ribbon elements on (H, R). The purpose of this section is to generalize their result to co-Frobenius quasitriangular Hopf algebras. We find that most of the results in [10] also hold for coFrobenius quasitriangular Hopf algebras. 
Lemma 1. Suppose that (H, R) is a co-Frobenius quasitriangular Hopf algebra over a field k, H contains a distinguished group-like element g and that
v H  is a quasi-ribbon element of H. Let     1 1 2 1 1 1 , , g b b h b g u S R R             and set 1 l u    . Then: 1) 2 ; l h  2) ( ). l G H  Proof. 1) By (R.2) (S(v) = v),
